4.
Q: What are the common features between these theories ? (large N c limit vs. large µ Λ QCD limit)
A: In both cases there is a light singlet U (1) A field (η -meson) .
due to the suppressed instantons n(ρ) ∼ e −µ 2 ρ 2 N f θ → θ + 2π periodicity U (1) A is explicitly broken. implies there existence η is a periodic Goldstone of the η domain walls field: there is η domain wall U (1) A is spontaneously U (1) A is spontaneously broken; therefore η strings broken; therefore η strings with attached η domain with attached η domain wall must exist wall must exist
II. Color Superconductivity
(µΨγ 0 Ψ -term in the Lagrangian)
1. If there is a channel in which the quarkquark interaction is attractive, than the true ground state of the system will be a complicated coherent state of Cooper pairs like in BCS theory (ordinary superconductor).
2. Diquark condensates break color symmetry (CFL phase, N c 
Color gauge group is completely broken; b) U (1) B is spontaneously broken; c) U (1) EM is not broken; d) U (1) A is broken spontaneously and explicitly (by instantons) 4. Goldstone fields are the phases of the condensate
5. Superfluid phonon field is the phase of the condensate detX ∼ detY ∼ e iϕ B .
6. The gap ∆ 100M eV is large. The critical temperature T c 0.6∆ is also large.
7.
The phase structure in QCD (with parameters realized in nature) could be much more complicated. In particular, condensates of different fields: K 0 , K + , η along with diquark condensate ψ ia Lα ψ jb Lβ and ψ ia Rα ψ jb Rβ , could develop.
III. Topological Defects in Dense Matter
1. U (1) B is spontaneously broken ⇒ there are global vortices, similar to what is observed in He 4 . Effective lagrangian is
2. U (1) A is spontaneously broken (by the condensate Σ β γ = 0) ⇒ there are axial global vortices.
3. The symmetry is broken also explicitly by the instantons ⇒ there are axial domain walls. Effective lagrangian is
5. The η domain wall solutions correspond to the transitions between ϕ A = 0, 2π, 4π..., which are the same physical points.
Analytical solution: ϕ
7. Few remarks on domain walls at large µ: a). If states ϕ A = 0, 2π, 4π..., were physically different states, these domain walls would be absolutely stable (ferromagnetic domain walls); 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 1111111 1111111 1111111 1111111 1111111 1111111 1111111 1111111 1111111 1111111 1111111 C A B b). If ϕ A is the only degree of freedom of the theory, the soliton would be absolutely stable, like in 2d Sine Gordon model; c).If the heavy degrees of freedom m ∼ ∆ are taken into account, the domain walls become metastable (tunneling with the excitations of heavy degrees of freedom is possible); d). The life time is expected to be very large for large µ when the instanton density is small and η is light. Quantum mechanical tunneling : τ (a → 0) ∼ exp π 2 24 f 6 u 2 a∆ 2 ln 3 1 √ a → ∞ 000000000000 000000000000 000000000000 111111111111 111111111111 111111111111 00000000000 00000000000 00000000000 00000000000 00000000000 11111111111 11111111111 11111111111 11111111111 11111111111 0000000 0000000 0000000 0000000 0000000 1111111 1111111 1111111 1111111 1111111 IV. Domain Walls in Large N c QCD ( In large N c limit the domain wall structure appears to be very similar to what was discussed for dense matter).
Tilted Mexican potential has a form when the points ϕ A = 0, 2π, 4π... are identified (similar to dense matter case).
3. The η domain wall solutions correspond to the transitions between identical physical points ϕ A = 0, 2π, 4π.... Therefore, the domain wall solution is metastable rather than absolutely stable.
For the specific model for the
, a) the peak of the potential is very high, ∆V 1 ∼ N 2 cthis corresponds to the excitation of the heavy degrees of freedom; b) the part related to the η meson is relatively small, and proportional to
Figure 6: Profile of the "Mexican-hat" potential (5.11). The slice is made along the axis through φ S = π to the left and φ S = 0 to the right. The trough of the potential lowers from the cusp at ρ = 1, φ = π where V = −E cos(π/N c ) down to the vacuum state V min = −E. The hump where V = 0 is at the origin is where h = ρ exp(iφ S /N c ) = 0 and hence the singlet field φ S can have any value at this point. It is by passing across this point that a QCD domain wall can tunnel and a hole can form. The important qualitative features of this potential are the height of the central peak ∆V Peak (5.12), the relative heights of the cusp to the peak ∆V 1 (5.13) and the trough to the cusp ∆V 2 (5.14).
The other important property of the potential (5.11) is its value where the singlet phase φ i is not well defined at the peak of the Mexican-hat. From (5.11) it is clear that this occurs for h = 0. It is this peak of the Mexican-hat in figure 6 (or the peg in figure 2) that classically prevents ρ → 0 and that makes the QCD domain wall classically stable. When a hole tunnels through the wall, it must be surrounded by a "string" where the field passes through the region h = 0. The height of the peak thus contributes to the energetic cost of creating such a string (and hence the hole). The potential (5.11) vanishes at the centre of the string V (h = 0) = 0, which implies that the barrier at h = 0 is quite high: ∆V Peak = E. As expected, the barrier at h = 0 should be order of E ∼ N 2 c in contrast with the barrier to the η domain wall where one expects a suppression by some power of N c . We also note that the total 5. The life time is expected to be very large in large N c limit, τ ∼ e N 2 c 6. Long-lived η domain walls (N c = 3 is qualitatively similar to N c = ∞ case) in principle can be studied at RHIC (Shuryak, AZ).
V. Quantum Anomalies in Dense Matter
1. Few general remarks: a). It is known, that the quantum anomalies in QFT play very important role in theory and phenomenology, b).
Our goal is to derive a new anomalous effective lagrangian describing the interaction of three light fields: the electromagnetic photons A µ , neutral light Nambu-Goldstone bosons (π, η, η ), and the superfluid phonon ϕ B . c). Anticipating the event.
The main result of the calculations-new anomalous terms which include superfluid phonon ϕ B identically vanish unless background contains topological defects such as domain walls or/and vortices.
(it was the main motivation to introduce vortices and domain walls in the previous sections) d) If the anomaly induced interactions do not vanish (in case of nontrivial background, e.g. vortices) they lead to a number of interesting phenomena, such as i) superconducting strings (similar to the Witten' cosmic strings), ii) classical weak neutral currents flowing on superfluid vortices; iii) electric currents flowing on U (1) A vortices; iv) magnetization of the η domain wall, and many other macroscopically large coherent phenomena.
Main Idea
a) Consider QCD in the background of two U(1) fields: the electromagnetic field A µ and a fictitious (spurion) B µ field which couples to the baryon current. At the end of the calculations we will put B µ = µn µ , n µ = (1, 0).
b) The fundamental Lagrangian describing the coupling of quarks with
c)The effective low-energy description must respect the U (1) B gauge symmetry. Therefore, in the effective Lagrangian the covariant derivative D µ ϕ B = ∂ µ ϕ B − 2B µ (similar to the conventional E&M ) must appear. The effective Lagrangian should be relativistically invariant before the replacement B µ → (µ, 0) is made.
Anomalous effective lagrangian
a). Consider the transformation properties of the path integral under the U (1) A chiral transformation. As is known, the measure is not invariant under these transformations due to the chiral anomaly: it receives an additional contribution
). The problem is reduced to the calculation of the divergenece of the axial current in the presence of the electromagnetic A µ background field as well as in the presence of fictitious B µ background field,
. Coefficients C Aγγ are well-known (π 0 → 2γ); Coefficients C ABγ , C ABB (when fictitious B µ field is included) can be easily calculated in similar way. d) At first sight, these new terms vanish identically (B µν ≡ 0 for pure gauge field B µ ∼ ∂ µ ϕ B ) and cannot have any physical effect. This is true when the NG fields ϕ A and ϕ B are small quantum fluctuations. e) However, as ϕ A,B are periodic variables, the action can be nonzero. This occurs in the presence of topological defects like vortices or domain walls. For example, for vortex configuration,
f) In terms of physical fields (A µ -electromagnetic, ϕ B -baryon phase of the diquark condensate , ϕ A -NG fields, π, η ), the effective lagrangian takes the form,
VI. Applications
1. Magnetization of axial η domain walls.
a) Consider an axial domain wall in an external magnetic field. The baryon field B ν = (1, 0) is considered as a background which is at rest. The following term is present in the anomaly Lagrangian:
. For a U(1) A domain wall streched along xy directions, the phase ϕ A has a jump by 2π. External magnetic field B z = 0. c) Anomaly lagrangian L ABγ implies that the energy is changed by a quantity proportional to BS, where S is the area of the domain wall. This means that the domain wall is magnetized, with a finite magnetic moment per unit area equal to eC ABγ µ/(4π). d)The magnetic moment is directed perpendicularly to the domain wall. For the 2SC and CFL phases the magnetic moment per unit area is eµ/(12π) and eµ/(6π), respectively.
Currents on axial η vortices.
a) The same effect can be looked at from a different perspective. One rewrites lagrangian L ABγ into the following form,
on the vortex core, the action can be written as a line integral along the vortex,
which means that there is an electric current running along the core of the axial vortex. The magnitude of the current is j em = eC ABγ µ 2π c). The electromagnetic current running along a closed vortex loop generates a magnetic moment equal to 1 2 jS, where S is the area of the surface enclosed by the loop. d). A large vortex loop has a magnetic moment that can be interpreted as created by the current running along the loop, or as the total magnetization of the domain wall stretched on the loop.
Axial current on a superfluid vortex.
a) The following term is present in the anomaly Lagrangian:
. Consider a superfluid vortex. At the vortex core, as usual,
where the integral is a linear integral along the vortex line. As usual, it is a total derivative, but leads to the physically observable phenomena. c). There is an axial current running on the superfluid vortex. The magnitude of the current is µ/(2π). d). If one now turns on weak interactions, this current is proportional to the weak neutral current which is coupled to the Z boson. This implies that the system induces a strong classical weak (rather than electromagnetic) field along the vortex.
Superconducting strings in dense matter.
a) Everything what is said above about the neutral vortex is also applicable to the case when the Cooper pairs carry the electric charge (2SC phase). The phenomenon in this case becomes even more interesting.
b) The anomalous interaction with electromagnetic
c). This equation implies that ∂ z ϕ A can be interpreted as the density of electrical (not axial) charge, while ∂ 0 ϕ A can be interpreted as the electromagnetic current along the string. d). Together with the canonical term c · 1 2 (∂ µ ϕ A ) 2 the effective lagrangian c · 1 2 (∂ µ ϕ A ) 2 + eA a ab ∂ b ϕ A exactly coincides with the one introduced by Witten, 1984 to describe the superconducting strings.
V. Conclusion

1.
The quantum anomalies, especially those involving the baryon current, lead to new and extremely unusual effects in matter at high densities. Some of these effects should have consequences for the physics of compact objects, and still to be explored.
2.
Of particular interest is the finding that baryon vortices in dense matter carry weak neutral current, and hence should interact nontrivially with neutrinos.
3. It is quite remarkable that a very nontrivial construction invented by Witten for cosmic strings is automatically realized in dense matter systems. Therefore, many consequences of the Witten's construction, such as there existence of the closed loops of superconducting strings (vortons), may be realized in dense matter.
